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ABSTRACT 
The paper applies matrix methods to formulate stable difference representations 
of the “difficult” pressure and continuity terms of the Navier-Stokes equations. The 
results are achieved by studying the eigenvalue properties of matrices that can be 
split into the sum of certain positive semi-definite and skew-symmetric matrices, and 
then using these properties to deduce stable difference representations of the 
Navier-Stokes equations. 
1. INTRODUCTION 
The necessary matrix results are established first. The first theorem and 
its corollary prove that when a matrix A has a certain form, it may be 
written as the sum of positive definite and skew-symmetric matrices. The 
second theorem considers a matrix that may be written as the sum of 
particular positive semi-definite and skew-symmetric matrices, and proves 
that every eigenvalue of this matrix has a non-zero, positive real part. 
Two applications of these results to difference representations of the 
Navier-Stokes equations are given. The first demonstrates the stability of a 
particular, widely used form of differencing of the continuity equation and 
pressure terms, and the second derives a novel form of differencing for the 
pressure terms and the continuity equation. 
THEOREM 1. 
(i) aii < 0, 
Zf a matrix A, having ekwwnts aii, is such that 
i#j, 
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(ii) aii > - + 2 (uii + ai,), 
j#i 
then A may be written as A,,+A,,, where A,, is a positive semi-definite 
matrix and A,, is a skew-symmetric matrix. 
Proof. 
A=i(A+A=)+b(A-AT)-ASy+Ask, 
and writing 4, = ($), clearly (i) and (ii) imply that 
,. 




Since As,, is symmetric, by (1.2) it is also positive semi-definite. 
COROLLARY. Additionally to the conditions of Theorem 1, suppose that 
(i) A is irreducible, 
(ii) ait # 0 if and only if uji # 0, 
(iii) the strict inequality of condition (ii) of Theorem 1 is true at least 
072ce; then A,, of Theorem 1 is positive definite. 
Condition (ii) above is not strictly necessary, but it allows an easier proof 
of the result, and does not affect the application of Sec. 2. 
Proof, The irreducibility of A,, follows immediately from (i) and (ii). 
Condition (iii) then implies that 4, is positive definite. 
THEOREM 2. Let P+ S be a non-singular matrix, where P is a positive 
semi-definite matrix and S is a skew-symmetric non-singular matrix (this 
implies that the order of S must be even) having the respective fM7ns 
p= ( PI 0 0 1 ’ 
s= S, S, 
( 1 s, 0 ’ 
(1.3) 
where PI is a positive definite matrix, and S,, S,, S, are matrices. P and S are 
partitioned in the same manner. Then every eigenvalue of P+ S has a 
strictly positive real part. 
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Proof. Suppose that y is a normalized eigenvector of P+ S and that X is 
the corresponding eigenvalue. Let y* = (y:, yl), where the partitioning is 
consistent with that of P and S in (1.3); then 
A=y*(P+ s)y=yfP,yl+y*sy. (1.4) 
Suppose that A is purely imaginary. Then yi = 0, but in this situation the 
structure of S implies that X = y* Sy = 0, which is impossible, since P+ S is 
non-singular. It follows that 
Re(X) = yTp,y, > 0, (1.5) 
which establishes the result. 
2. THE APPLICATIONS 
The two-dimensional Cartesian form of the Navier-Stokes equations for 
incompressible laminar flow is given by 
Tu+*-O 
ax - 7 
aP TV+ - ‘0, 
aY 
(2.1) 




The quantities p and p are physical constants, u and v are velocity com- 
ponents in the x and y directions respectively, and p is the pressure field in 
the flow. The first two equations of (2.1) are momentum conservation 
equations, and the third is the continuity equation. For simplicity, let (2.1) be 
closed by the specification of u and v at every point of a closed boundary. It 
is not necessary to independently specify p on this boundary, but we shall 
126 D. F. ROSCOE 
assume, again to avoid unnecessary complication, that p is known on the 
boundary. 
The following definitions are made: 
x = i Ax, where Ax is the x-direction step length. 
y = j Ay, where Ay is the y-direction step length. 
u,, v and p are column vectors representing u (x, y), ~1 (x, y) and p (x, y). 
T is the -matrix Of the difference representation of the operator T. 
Oi, I+ Oi and Di are square matrices such that 
D,p is the matrix representation of tlp/tly, 
Dip is the matrix representation of +/a~, 
D,u is the matrix representation of au/ax in the continuity equation, 
fi,v is the matrix representation of au/ay in the continuity equation. 
The matrices 0, and Dj are distinguished from fii and fij because, in general, 
they are to be different matrices. 
The matrix representation of (2.1) becomes 
(2.3) 
The matrix of (2.3) is a function of the solution, but if we consider it to 
be known, then we can say that if its eigenvalues all have negative real parts, 
the equation (2.3) is stable, in the sense that a systematic iterative method, 
similar to the Jacobi or Gauss-Siedal methods, could be used to solve it. The 
problem is to write the matrix of (2.3) in a form that is recognizable as being 
stable in the above sense. Essentially, the procedure will be to write the 
coefficient matrix of (2.3) as 
(2.4) 
The second matrix of (2.4) is the matrix representing the pressure and 
continuity terms, and it is the form of this matrix that is our primary interest. 
Theorem 1 and its corol$y arc used to show that under certain ass:mp- 
tions T can be expressed as Tsy + Tsk, where Tsy is positive definite and Tsk is 
skew symmetric. Theorem 2 then implies that the equation (2.3) will be 
stable, in the above sense, if the second matrix of (2.4) is constructed as 
skew-symmetric. 
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In practice, to obtain a stable form of (2.3) it has been found sufficient to 
have f irreducibly diagonally dominant, with the bordering matrix of D’s 
defined in *a skew-symmetric fashion. To derive an irreducibly diagonally 
dominant T from T defined by 12.2) p resents no problems; for example, see 
Spalding [l]. Generally such a T will satisfy all the conditions of Theorem 1 
and its corollary, except for (ii) of Theorem 1. However, if the coefficients in 
the original differential equation are all assumed constant, then the condition 
(ii) is satisfied. This may be illustrated by considering the differential 
equation 
-l/&+&=0 (2.5) 
for real X. [The operator T defined in (2.2) is the sum of two partial operators 
having this basic form, except that X is replaced by 4.1 
On the interior of the solution domain, a stable difference scheme is 
given by 
-~i+1+(2-hAx)~i-(1-AAx)~i_,=0 (2.6) 
if X < 0. There is a similar scheme for h > 0. Three consecutive rows of the 
coefficient matrix of this equation are 
-(1-hAx) (2-AAx) -1 0 0 
0 -(1-AAx) (2-hbx) -1 0 (2.7) 
0 0 -(l-AAx) (2-AAx) -1 
The middle non-zero entries of each row lie on the leading diagonal. All 
the non-zero elements in the row and column passing through the middle 
diagonal element appear in (2.7). For this element condition (ii) is clearly 
true, and the same is true for every diagonal element of the full mat+. Thus, 
assuming that T has all constant coefficients, it follows that T satisfies 
Theorem 1 and its corollary. It is then possible to write 
f= fSY + &, (2.8) 




where the first matrix of the r.h.s. of (2.9) is positive semi-definite, and is in 
the form required for the application of Theorem 2. 
In practice T is non-linear and will not have all constant coefficients, but 
since our main interest is not in the difference form of T, but in the 
difference form of the other terms (pressure and continuity) of Eq. (2.1), it 
does not matter too much what we assume about T so long as its essential 
form is unaltered. 
2.2. Treatment of the Second Matrix of (2.5) 
This section, which deals with the difference forms used for the pressure 
and continuity terms of the Navier-Stokes equations, contains the main 
results of the paper. 
If the matrix 
0 0 Di 
0 0 Di 
tii Ci 0 
(2.11) 
is made skew-symmetric, and if f= fSY+ f&r where fSY is positive definite 
and fSk is skew-symmetric, then (2.3) will be stable in the given sense. For 
example, it is not unusual for Di, Di, fii and ci to be defined by central 
differences (e.g., Chorin [2]), so that 
(2.12) 
These definitions ensure that (2.11) is skew-symmetric, and stability is 
therefore assured. 
A more interesting possibility is the following. Suppose that the fluid 
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being investigated is nearly inviscid; then in studying the motion of a fluid 
“particle” along a streamline between two points A and B, the intuitive best 
way of approximating the pressure difference driving the fluid particle is 
pB - p,. If this pressure difference is resolved from streamline coordinates 
into Cartesian coordinates, then essentially an “upwind” differencing of the 
pressure terms results (i.e., forward or backward differencing according to 
the direction of the appropriate velocity components). Suppose that these 
“upwind” pressure differences are being employed; then to ensure stability, 
the continuity terms are to be differenced to make the matrix 
rO 0 Di’ 
0 0 Di (2.13) 
Q Ij, 0 
skew symmetric. 
It is easily found that if uii > 0 for all (i, i), so that at a particular point 
(i? i) 
aP P&i- Pi-1,j 
%” Ax * 
Then in continuity 
(2.14a) 
(2.14b) 
and similarly for the other pressure and continuity terms. An upwind scheme 
for the pressure derivations therefore implies a downwind scheme for 
continuity for stability. More precisely, for a general velocity field, if we 
define 
i 
+1 if uii>O, 
Ni,i=Sign(ui,i)= _I ’ 
if uiPi <0, 
then these approximations become 
(2.15) 
(2.16a) 
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and in the continuity equation 
I-Ni_i,i 
%+r,~-Ni,i%,i- 2 UI-l,j 
1 
(2.16b) 
Equation (2.16a) derives from the physical argument put forward, whilst 
(2.16b) is obtained by transposing the matrix representing (2.16a). 
So far as the present author is aware, the methods of analysis introduced 
here are new, and the conclusions concerning the form of the difference 
representations for the continuity equation in the case of a “nearly inviscid” 
fluid flow are novel, as well as being totally unexpected. 
These representations have been tried on a three-dimensional problem in 
which the fluid medium was air, and the results obtained are much better 
than those obtained using central differences for the pressure and continuity 
terms. 
3. CONCLUSIONS 
The power of matrix methods has been demonstrated by the non-trivial 
application of two quite simple matrix theorems to derive totally new 
difference representations of particular terms in the Navier-Stokes equations. 
The matrix results essentially stress that close attention should be given 
to the basic structure of the differential equations to be approximated, with 
the difference forms attempting to preserve this basic structure. 
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